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Abstract

This report provides a pedagogical overview of topological insulators, with a
primary focus on the two seminal papers by Kane and Mele, ’Quantum Spin Hall
Effect in Graphene’ [1] and ’Z2 Topological Order and the Quantum Spin Hall Ef-
fect’ [2]. To give broader context and facilitate understanding also related topics are
explained. First the discussion begins with the mathematical description of topo-
logical phases in band theory, introducing vector bundles and their topology. The
Haldane model is then presented as a prototype for Chern insulators and as a found-
ation for understanding the structure of the Kane-Mele model, which in the absence
of spin mixing reduces to two copies of Haldane’s model. Throughout, the emphasis
is on applications and interpretations relevant to the Kane-Mele works. The project
was prepared as part of the seminar course ’Topics in Theoretical Physics: Topo-
logical Order in Quantum Matter’ at the Faculty of Science, Leiden University, in
Spring 2025.
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1 Introduction

Topological insulators are materials which represent a class of insulating phases which
cannot be distinguished by spontaneous symmetry breaking of local order parameters as
in the usual Landau theory of phase transitions. Instead, their distinctive properties arise
from the global features of their electronic structure, specifically from its topology. In
any insulator, the valence bands are clearly separated from the conduction bands by an
energy gap, and the collection of valence bands can be understood as forming a distinct
vector bundle over the Brillouin zone (a Bloch bundle). This vector bundle can then have
non-trivial topology, and that is what distinguishes a conventional (trivial) insulator from
a topological insulator.

Topology classifies spaces based on equivalence classes where spaces are considered
equivalent if they can be continuously transformed into each other (they are homeo-
morphic). Here, continuous transformations correspond to adiabatic deformations, so for
example, a non-trivial insulator cannot be adiabatically transformed into a trivial one.
This is at least the simplest picture. In most of this report, we actually look at the Z2

classification, which adopts a more fine-grained view, where one allows only symmetry-
preserving deformations (equivariant homeomorphisms).

On the boundary between a non-trivial and a trivial insulator there is a phase trans-
ition (a non-adiabatic change), and as with the usual second-order phase transitions, this
is associated with gapless states. Thus, topological insulators have metallic surfaces. The
exotic properties of these surface states are a hallmark of topological insulators and offer
the possibility for interesting applications.

The importance of topological methods in understanding new kinds of quantum order
and phase transitions was recognized by the 2016 Nobel Prize in Physics awarded to
Kosterlitz, Thouless, and Haldane. However, already in 1980, the integer quantum Hall
effect was discovered [3], where sharply quantized Hall conductivity was observed despite
the presence of impurities. Only later did the TKNN paper [4] link this conductivity to the
Chern topological invariant, making it thus a topological property. The integer quantum
Hall effect can thus be thought of as what is nowadays called a Chern insulator, and
since the Hall conductivity σxy is directly proportional to the Chern number c1 through

the TKNN formula σxy = e2

h
c1, this topological invariant becomes essentially directly

experimentally observable.
Haldane’s model [5] later extended these ideas to a system without net magnetic flux

in graphene, realizing what is now known as the quantum anomalous Hall effect. However,
Haldane’s model itself does not have a natural experimental realization in any known ma-
terial. This served as an inspiration for a major advance that came with the seminal work
of Kane and Mele [1], who showed that strong spin-orbit coupling in graphene can lead to
a new kind of insulating phase, protected by time-reversal symmetry and characterized by
a Z2 topological invariant. Although the Kane-Mele model is not realized in graphene due
to the weakness of spin-orbit coupling, similar model has been experimentally realized in
other materials, most notably in HgTe quantum wells as demonstrated in [6]. In some
regions this phase exhibits the so-called quantum spin Hall effect, where the spin Hall
conductivity σs

xy is related to the Z2 index z2 as σs
xy = e

2π
z2. This is very similar to the

way the Chern number is related to the standard Hall conductivity. But as we will see,
there are regions in the Z2 phase where the spin Hall conductivity is no longer quantized,
but the edge states persist.

Since then, the study of topological phases has rapidly expanded, leading to the ’peri-
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odic table’ [7] classification of topological insulators and superconductors, a direct bridge
between abstract mathematics and real quantum materials. It is perhaps surprising,
and rather delightful, that concepts like fibre bundles, characteristic classes, and even
K-theory, once thought to belong mainly to the realms of pure mathematics and theor-
etical fields like string theory, have found natural and concrete applications in describing
electrons in solids.

From a practical point of view, topological phases may be a promising direction to
explore for technological applications. Right now, there is an ongoing search for Major-
ana quasiparticles in engineered topological superconductors (not insulators but within
the same theoretical framework), a key ingredient in proposals for topological quantum
computing, which promises error protection at the hardware level. Companies such as
Microsoft are actively pursuing this idea [8], although it remains an open question how
close we are to realizing a practical quantum computer based on these principles. Indeed,
some high-profile claims have been met with scepticism from the scientific community,
but the ongoing effort shows the broad interest and potential of topological phases.

The topic of this report is based around the original works of Kane and Mele [1, 2],
which laid the foundation for the study of Z2 topological insulators. However, the struc-
ture is closer to that of more pedagogical expositions, especially the review by Fruchart
and Carpentier [9]. For an accessible introduction to the mathematical aspects, particu-
larly in Section 2, I have also drawn from [10], which itself is based in large part on [11].

I admit that my treatment of the subject is sometimes even unnecessarily mathematical
(mainly in Section 2), and the reader is encouraged to skip over technicalities, such as
some formal definitions, and return to them only if needed, often, they are not essential.
I also present major experimental achievements related to the topic, but do not go into
much detail; these are probably somewhat under-represented compared to the literature.
A very nice introduction to the subject, written from a more physics-based perspective,
was also given by Kane himself [12], which I occasionally cite and consider to be perhaps
the best introduction to the field.

The remainder of this report is structured as follows: first, I introduce the mathemat-
ical background needed to describe topological phases in band insulators, including vector
bundles and topological invariants. Then, I discuss the key physical models in graphene.
First I discuss the Haldane’s model on which I illustrate the theory of Chern insulators in
Section 3. In the remaining of the report I focus on the Kane-Mele model of graphene and
its Z2 topological phase. First I introduce it and illustrate the theory on a simpler case
where it reduces to two Haldane models in Section 4 and then build on this and extend
it to more general setting with additional details in Section 5.

2 Topological description of band theory

In this section, I introduce some mathematical background that will be useful for the
remainder of the report. The discussion goes a little beyond what is strictly necessary
to understand the physics and readers should feel free to skip over technical sections
or formal definitions and return to them only if needed. Rather than presenting the full
mathematical framework found in most mathematical texts, I try to focus on the concepts
that appear later in the discussion. I hope that offering a glimpse into the mathematical
treatment of these topics will be interesting for physicists, while also helping to place the
physics in a broader context and on a firmer foundation.
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2.1 Vector bundles

To see how topological phases arise, it is useful to introduce a bit of the mathematical
theory of vector bundles. This subsection gives a general introduction to complex vector
bundles. This is sufficient for understanding Chern insulators, but we will build on it
in Subsection 2.3, where we extend the ideas to treat Z2 insulators. The connection to
physics will be discussed in the following subsection.

Let us take a topological space X (later, our Brillouin zone), which could, for example,
be a torus. A complex vector bundle E over the base space X is essentially a topological
space constructed from X by attaching to each point x ∈ X a vector space Ex ≃ Cn.
These vector spaces Ex are called the fibres of the bundle, and can be thought of as ’living
above’ each point x in the base space X. This might remind one of the Cartesian product
X × V , and rightly so: the notion of a vector bundle generalizes this concept, and X × V
can actually be thought of as a vector bundle, which we call the trivial vector bundle.
However, just as manifolds are in general only locally flat, general vector bundles are
only locally a Cartesian product. All of this is summarized in the following pseudoformal
definition:

Definition (Complex vector bundle). A complex vector bundle over X is a pair (E, π)
of a topological space E and a projection π : E → X, satisfying:

• For every x ∈ X, the fibre Ex := π−1(x) is a finite-dimensional complex vector
space.

• It is locally homeomorphic to U×Cn for some open U ⊂ X (i.e., locally a Cartesian
product).

The projection map π can be thought of as indicating to which point of the base space
a given point of E belongs (i.e., which fibre it is part of).

We consider two complex vector bundles to have the same topology if there is an
isomorphism of vector bundles between them. In that case, we say they are isomorphic
as bundles and write E ≃ F . The definition is as follows:

Definition (Isomorphism of complex vector bundles). Let (E, πE) and (F, πF ) be complex
vector bundles over a topological space X. A homeomorphism from E to F is a continuous
map f : E → F such that:

• πF ◦ f = πE (preserves the base points of the fibres).

• For all x ∈ X, the restriction f : Ex → Fx is a linear map.

Using this, we can now see when a vector bundle is topologically trivial : this is when
E ≃ X×V . Probably the simplest intuitive example of a trivial and non-trivial bundle is
that of a cylinder and a Möbius strip. To make it even more simple and relatable to the
later discussion we choose the fibres to be isomorphic to vector space Z2 (1D vector space
over the field Z2). Visually this gives it kind of band structure illustrated in Figure 1.
We choose as the base topological space simply the circle X = S1. In Figure 1 one can
see two vector bundles of this type: on the left there is a cylinder like vector bundle and
on the right a Möbius strip like one. It turns out that the cylinder like vector bundle is
topologically trivial (isomorphic to S1 × Z2 as a Z2 bundle) and the second bundle is an
example of a topologically non-trivial bundle due to its ’twist’.

4



Figure 1: Depiction of two vector bundles with fibres Z2, base space S1 and projection
π. In the cylinder like vector bundle on the left we can globally label the ’bands’ which
corresponds to a global section and the bundle is thus trivial (S1 × Z2). On the other
hand the Möbius like bundle on the right in topologically non-trivial as the bands can’t
be globally labelled.

As we will see, certain complex vector bundles, the Bloch bundles, will be natural
objects to study in topological insulators, and we will be interested in those that are
topologically non-trivial. At least, this is the picture for the simpler Chern insulators.
The situation for Z2 insulators is described in Subsection 2.3.

The mathematical discipline that tries to classify vector bundles over a given space
X up to isomorphism is called K-theory. The central object that one encounters, and
which we will also encounter (though not use explicitly), is the K-group K(X). If one
considers vector bundles over the same space X, one can naturally introduce a direct sum
of bundles E ⊕F , defined by fibres (E ⊕F )x = Ex ⊕Fx. This operation is commutative,
E ⊕ F ≃ F ⊕ E, and associative, (E ⊕ F ) ⊕ G ≃ E ⊕ (F ⊕ G) (up to isomorphism).
This makes the classes of bundles into a commutative semigroup. To every commutative
semigroup, there essentially corresponds a unique Abelian (commutative) group called
the Grothendieck group, which is exactly our group K(X). For Z2 insulators it is similar
but slightly different, as described again in Subsection 2.3. Although it requires some
mathematical technicalities to see how these K-groups translate to the invariants we
encounter, it explains, for example, why the Chern’s topological invariants (introduced in
Subsection 3.2) of a given space form the Abelian group Z (the set of Chern numbers).

A useful tool for detecting whether a bundle is trivial or not is the notion of sections.

Definition (Section of a complex vector bundle). A section of a complex vector bundle
(E, π) is any continuous map ψ from some open U ⊂ X to E such that ∀x ∈ U : ψ(x) ∈
Ex. ψ is called global if U = X.

Readers unfamiliar with sections may recognize the notion of a vector field. Indeed, the
collection of all tangent spaces of a manifold forms a vector bundle, the tangent bundle,
and in this case, sections and vector fields are the same thing. A global section would be
an everywhere-defined vector field. Also, gauges can be understood as sections of certain
bundles. The following theorem makes sections useful for our purposes:

Theorem (Sections and triviality of a complex vector bundle). A complex vector bundle
is topologically trivial ⇐⇒ There is a set of global sections that form a basis of each
fibre.
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This is equivalent to saying that if one can continuously define a frame (basis of each
fibre) the vector bundle is trivial. If the fibres are 1D we need only a global nonvanishing
section (gauge). This will be the case for Chern insulator and is also the case in the
example of Figure 1. In this figure the choice of a global section amounts to globally
labelling the bands which is similar in spirit to the case in the two valence band model of
Sections 4 and 5 (the bands having there the real physical meaning of graphene energy
bands). The theorem above can then be intuitively seen in Figure 1 as in the trivial
bundle on the left we can globally label the bands whereas not in the non-trivial bundle
on the right. However, theorem above has to be slightly modified for Z2 insulators which
we will see in Subsection 2.3.

2.2 Bloch bundle

Having introduced the general notion of vector bundles, we now turn to the most relevant
example in band theory: the Bloch bundle. This construction captures the geometric
structure of electronic bands in crystalline solids and can be used to define some topolo-
gical phases. The treatment of this subsection is based mainly on [9, 12].

Completely general classification of topological phases is a formidable task and has
not yet been achieved till today [12]. However, much has been achieved with the tre-
mendous assumptions of translational invariance and non-interacting electrons (like the
Kitaev classification [7]). This is because that allows us to put to use the Bloch theorem
and consider just single-particle states (many body states can be constructed from these
through Slater determinant). And actually we can also consider systems that are only
adiabatically connected to these assumptions since our considerations are topological.

According to Bloch’s theorem, the single-particle states can be written as

|ψα(k)⟩ = eik·R |uα(k)⟩ ,

where k is a crystal momentum in the Brillouin zone, R is a lattice vector, and |uα(k)⟩
is a cell-periodic function. The index α labels the bands, so that for n valence and n
conduction bands it ranges from 1 to 2n. Because of the periodicity, the Brillouin zone is
topologically a torus T2 (throughout this report we consider only 2D systems). As already
alluded to in the previous subsection Brillouin zone will play for the Bloch bundle the
role of the base topological space X. For simplicity, we will refer to |uα(k)⟩ as a Bloch
function.

It is also useful to introduce the Bloch Hamiltonian

H(k) = e−ik·RHeik·R ,

eigenvectors of which are the Bloch functions so that

H(k) |uα(k)⟩ = Eα(k) |uα(k)⟩ .

For each k, the set of all Bloch functions spans a Hilbert space we denote Hk ≃ C2n. Hk

can be then understood as a fibre over the point k of a complex vector bundle over the
Brillouin torus T2. We call any such bundle a Bloch bundle.

The total space of the Bloch bundle of all bands is then

H =
⊔
k∈T2

Hk .
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It is always topologically trivial: H ≃ T2 × C2n. However, the structure becomes more
interesting in the case of insulators, where there is an energy gap separating the n lowest
(valence) bands from the higher (conduction) bands. The presence of this gap allows the
Bloch bundle to be split into two subbundles:

H−
k = span{|uα(k)⟩ : Eα(k) < EF} ≃ Cn (valence bundle)

H+
k = span{|uα(k)⟩ : Eα(k) > EF} ≃ Cn (conduction bundle)

where EF is the Fermi energy. Both the valence and conduction bundles are themselves
examples of Bloch bundles, in the sense described above.

A crucial feature is that, because of the gap, the division into valence and conduction
bundles is robust under adiabatic (i.e., sufficiently slow) changes in the Hamiltonian.
According to the adiabatic theorem, the energy gap sets a scale for how slowly these
changes must occur in order for the system to remain in its instantaneous ground state
throughout the deformation. In this way, the physical notion of adiabatic continuity
corresponds directly to the mathematical notion of continuous deformation of the bundle:
as long as the gap remains open, the topology of the valence bundle cannot change.

It is important to note that, although the Bloch bundle of all bands is always topo-
logically trivial, the separation into subbundles can cause the valence bundle to obtain
non-trivial topology. One can detect this for example by non-trivial topological invariants
such as the Chern number (Subsection 3.2) and the Z2 invariant (Subsections 4.2 and 5.2).

Moreover, since the band structure is fully determined by the Bloch Hamiltonian, clas-
sifying possible valence bundles is therefore equivalent to classifying the possible gapped
Bloch Hamiltonians (up to adiabatic deformation) compatible with a given set of sym-
metries. This point of view is at the heart of the modern classification schemes, such as
the Kitaev periodic table [7], which systematically organizes free-fermion systems by their
symmetry class and the resulting topological types of their valence bundles. Underlying
this classification is the algebraic structure of symmetry constraints, which is often de-
scribed using representations of Clifford algebras which we will encounter in our discussion
of both Chern (in Subsection 3.1) and Z2 topological insulators (in Subsection 4.1).

2.3 Quaternionic vector bundles

In the study of Z2 insulators, we encounter time-reversal symmetry. In the case relevant
here, the time-reversal operator Θ is anti-linear and satisfies Θ2 = −I (anti-involutive).

Having such an operator on a complex vector space of dimension 2n is essentially
equivalent to having a quaternionic ’vector space’ of dimension n (or, more precisely, a
module, since the quaternions H are not a field due to their non-commutativity). This
correspondence arises because, in addition to complex scalar multiplication (by i), we can
interpret the action of Θ as multiplication by a second imaginary unit j, with k = ij,
satisfying the quaternion relations i2 = j2 = k2 = ijk = −1.

Now that we understand the action of time-reversal symmetry on a vector space, we
can generalize it to introduce the notion of a quaternionic vector bundle. As we will see
in Sections 4 and 5, this is motivated by the Bloch bundle description of Z2 topological
insulators. The linear map Θ in there will then exactly correspond to what we will call
Θ in the following definitions, and the map θ will be defined as θ(k) = −k.

Definition (Quaternionic vector bundle). A quaternionic vector bundle is a complex
vector bundle (E, π) over a topological space X equipped with:
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• An involutive homeomorphism θ on X.

• An anti-linear homeomorphism Θ such that Θ : Ex → Eθ(x) for each x ∈ X and
Θ2 = −I on each fibre.

In this definition one can notice that in general the fibres of a quaternionic vector
bundle in general do not have a natural structure of a quaternionic vector space as dis-
cussed at the beginning of this section. However, we have this structure for fibres above
points that are fixed points of the map θ. These are important points which play a crucial
role for example in the calculation of the Z2 invariant in Subsection 5.2 where we call them
time reversal invariant momenta (TRIM). Indeed, also one possibility how to approach
the classification of quaternionic vector bundles is to in some sense focus on these points
as is discussed in [10].

In later discussion the operator Θ will act on Bloch functions as Θ |uα(k)⟩ = |uβ(−k)⟩.
This relation can also be interpreted as saying that bands α and β form a so-called Kramers
pair. We can define this important notion also within the general mathematical theory
as follows.

Definition (Kramers pairs). Let us have a quaternionic vector bundle (E, π,Θ) over
(X, θ) with two sections ψ : U → E and ϕ : θ(U) → E. We say that ψ and ϕ form a
Kramers pair if Θ ◦ ψ = ϕ ◦ θ. A Kramers pair is called global if U = X.

We also need a new notion of which bundles we consider topologically equivalent
(isomorphic). For Z2 insulators, one should use the following definition:

Definition (Isomorphism of quaternionic vector bundles).
Let (E, πE,ΘE) and (F, πF ,ΘF ) be quaternionic vector bundles over (X, θ). An isomorph-
ism of complex vector bundles f : E → F is also an isomorphism of quaternionic vector
bundles if ΘF ◦ f = f ◦ΘE.

Intuitively, this says that not only do the bundles have to be isomorphic as complex
vector bundles (as defined in Subsection 2.1), but the isomorphism must also respect
time-reversal symmetry. Topological triviality is then defined as before, but with this new
definition of isomorphism. Since our notion of topological equivalence is now stronger,
bundles that might have been trivial as complex vector bundles can be non-trivial as
quaternionic vector bundles. Thus, as we will see, even insulators that would be considered
trivial as Chern insulators can be non-trivial as Z2 insulators.

Exactly as in the case of complex vector bundles, one can define a K-group for qua-
ternionic vector bundles, KQ(X), but now using the new definition of isomorphism [10].
This theory was first introduced, supposedly under the name symplectic K-theory, in [13].
It again holds that KQ(X) is always Abelian, which explains the appearance of the
Abelian group Z2 in Z2 insulators.

In Subsection 2.1, we had the theorem ’Sections and triviality of a complex vector
bundle’, which can be used as an alternative tool (to topological invariants) to search for
non-trivial bundles/insulators. We now introduce the equivalent theorem for quaternionic
vector bundles, which will be useful in Subsection 5.2 for understanding the calculation
of the Z2 invariant.

Theorem (Sections and triviality of a quaternionic vector bundle). A quaternionic vector
bundle is topologically trivial ⇐⇒ There is a set of global Kramers pairs that form a
basis of each fibre.
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A B

Figure 2: Section of the hexagonal (honeycomb) lattice of graphene with the two triangular
Bravais sublattices A (grey sites) and B (white sites).

3 Chern insulators in graphene

Having introduced the general mathematical theory in the previous section we now put it
to use on our first example of topological insulator. In this section we deal with a so called
Chern insulators which are theoretically a little easier to deal with. One famous example
which can be understood as a Chern topological insulator is the Integer Quantum Hall
effect which requires external magnetic field but in this section we study instead a model
on the graphene lattice introduced by Haldane [5] which requires no overall magnetic
field and exhibits thus so-called Anomalous Quantum Hall effect. Unfortunately this
model is not experimentally realized in any real material but serves as a useful tool for
understanding the more experimentally relevant Kane-Mele model of graphene which we
encounter in later sections and is our main focus in this report. Actually in the simpler
setting of Kane-Mele model in the next section Kane-Mele model reduces just to two
Haldane models.

3.1 Introduction to Haldane’s model

As already alluded to, the arena of this section is going to be graphene. Graphene has
a hexagonal lattice which is crucially not a Bravais lattice but consists of two triangular
Bravais sublattices, as shown in Figure 2.

We can write Bloch functions on the graphene lattice with the sublattice degree of
freedom as |u(k)⟩ = (uA(k), uB(k)), which live at each momentum in Hilbert spaces
Hk ≃ C2, meaning that our Hamiltonian must be a 2 × 2 Hermitian matrix. Any such
matrix can be written in terms of the Pauli matrices σ⃗ and four momentum-dependent
real coefficients h0(k) and h⃗(k) as

HH(k) = h0(k)I + h⃗(k) · σ⃗ . (1)

This form is handy, for example, for discussion of the symmetries. You may also know that
the identity with the Pauli matrices form the Clifford algebra Cl(2) as {σi, σj} = 2δij; we
will encounter a representation of the Clifford algebra Cl(4) in the next section. As men-
tioned in Subsection 2.2, Clifford algebras have been used by Kitaev in his classification
of topological phases [7]. The Hamiltonian (1) has then eigenstates

HH(k) |u±(k)⟩ = E±(k) |u±(k)⟩ E±(k) = h0(k)± h(k) , (2)

where, as always, h(k) = |⃗h(k)|, and the gap is thus

∆(k) = E+(k)− E−(k) = 2h(k) . (3)
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Two symmetries that are going to accompany us throughout this report are the time-
reversal symmetry Θ (TR) and the inversion symmetry I (TR will be much more im-
portant). In this system, where we have only the sublattice degree of freedom, TR
physically only reverses the momenta k ↔ −k, which translates into it being an anti-
unitary operator represented in this case simply as Θ = K (K being the complex conjug-
ation operator). Inversion symmetry physically switches the two sublattices A ↔ B, so
I |u(k)⟩ = (uB(k), uA(k)) =⇒ I = σx.

A unitary transformation is a symmetry of a Hamiltonian if it commutes with it. So
our system has inversion symmetry if [I, H] = 0, and TR symmetry if [Θ, H] = 0. This
translates into the following conditions on the Bloch Hamiltonian:

IH(k)I−1 = H(−k) , (4)

ΘH(k)Θ−1 = H(−k) . (5)

Another symmetry that comes into play here is the C3 symmetry of the lattice, which
comes from the sites of the lattice being invariant under rotation of the connecting ’bonds’
by 120◦ (see Figure 2). This symmetry then dictates that hx(k) and hy(k) vanish at the K
points (±K), which are the famous points in the Brillouin zone where the conduction and
valence bands touch in standard graphene. Substituting this into (3) we have ∆(±K) =
2|hz(±K)|. Normally the gap vanishes because (4) dictates that hz(k) is everywhere an
odd function (i.e., hz(k) = −hz(−k)) and (5) that it is everywhere even (i.e., hz(k) =
hz(−k)), which forces hz to vanish when these symmetries are present. Thus, with these
symmetries, ∆(±K) = 0 and we do not have an insulator. As we are interested in
insulators (specifically, ones with non-trivial topology), we need to break at least one of
these symmetries. We cannot, of course, break the C3 symmetry as it is a symmetry of
the lattice, but we can break TR and inversion symmetry, and in Subsection 3.3 we will
see breaking of both. However, we will also learn in the next subsection that the topology
would always be trivial in the presence of time-reversal symmetry, so it needs to be broken
for us to have a topological insulator.

3.2 Chern’s topological invariant

Topology is used here in a somewhat flexible sense, as the reader may recall from Section 2:
Chern insulators and Z2 insulators each have their own notion of what it means for two
systems to be ’topologically equivalent’. In this section, we focus on the standard setting
introduced in Subsection 2.1, where topology refers to the classification of complex vector
bundles.

A topological invariant is a quantity that remains unchanged under continuous de-
formations that preserve the topology of the system. Thus, if two systems have different
topological invariants, they must also differ topologically, though the converse does not
necessarily hold: two topologically distinct objects may share the same value of a given
invariant. An important consequence for us is that if any topological invariant of a vector
bundle differs from that of the trivial bundle, the bundle must be topologically non-trivial.
While mathematicians consider invariants in form of different mathematical objects, we
will focus here on numerical invariants. Notably, these numbers can often be related
directly to physical observables, such as the quantized Hall conductivities.

A key mathematical result, Chern-Weil theory, provides a powerful link between geo-
metry and topology. It states that, whenever a vector bundle is associated to a gauge the-
ory (in mathematical language, our vector bundle is associated bundle to some principal
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fibre bundle), one can construct topological invariants from the corresponding curvature
form. A celebrated special case that provides some intuition for this is the Gauss-Bonnet
theorem, where the relevant bundle is the tangent bundle of a Riemannian manifold, and
the associated curvature is just the Riemann curvature. The Gauss-Bonnet theorem can
be then expressed as

χ(X) =

∫
X

Pf R,

where χ(X) is the Euler characteristic of X1 and R is the Riemann curvature two-form
(For two-dimensional manifolds, Pf R simply gives the Gaussian curvature.).

Remember that in the study of topological insulators we are concerned with the to-
pology of the valence Bloch bundle (see Subsection 2.2) which is a complex vector bundle
we will call E over the Brillouin zone T2. Natural gauge theory that we have here is
gauge theory coming from the fact that the phase of a single particle wave function is
not observable-a U(1) gauge theory. If we choose a connection one-form A we have then
corresponding curvature two-form F = dA. Notice here that because the connection is
not unique, curvature is also not unique. But of course topological invariants will be inde-
pendent of this choice, so we can choose any connection. In condensed matter physics one
uses for our purposes the so-called Berry connection. All results which we use in our work
(these are mainly [4, 5]) were calculated using this connection. Use of this connection
assumes that the Bloch Hamiltonian H(k) varies adiabatically with k which is however
also what we needed to define the valence Bloch bundle, so it will always be the case. For
a single valence band we are concerned with here, the Berry connection is given by

A = i ⟨du−|u−⟩ := i ⟨u−(k)| ∂i |u−(k)⟩ dki, (6)

where we used the notation of previous section.
For our specific case the Chern-Weil theory provides us with the following topological

invariant of our bundle E:

c1(E) =
1

2π

∫
T2

F , (7)

which is called the Chern number, and it can take only integer values (c1(E) ∈ Z). The
celebrated TKNN formula [4]

σxy =
e2

h
c1(E) (8)

relates the Chern number to the Hall conductivity σxy thus making the Chern’s topological
invariant directly observable. It also implies that the Hall conductivity is quantized which
can be also used to explain the Integer Quantum Hall effect.

Let us now see what happens in the presence of time reversal (TR) symmetry. Using
the definition (6) one can see that if the Bloch Hamiltonian is TR symmetric A(−k) =
−A(k) or in other words the Berry connection is odd under time reversal. This can be
written in the more abstract mathematical language of Subsection 2.3 as θ∗A = −A with
θ(k) = −k. Using θ(T2) = T2 this than implies that the Chern number must vanish when
TR is present as

c1(E) =
1

2π

∫
θ(T2)

F =
1

2π

∫
T2

θ∗F =
1

2π

∫
T2

d(θ∗A) = − 1

2π

∫
T2

dA = −c1(E) .

1Here the Euler characteristic depends only on the base space X and not on the whole vector bundle
as will be later the case with Chern numbers since we are dealing with the tangent bundle which is
uniquely determined by the base manifold.
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And actually it turns out that the valence Bloch bundle is always topologically trivial in
the sense of Subsection 2.1 in a TR invariant system [9]. One can only have non-trivial
topology in the sense of Subsection 2.3. As in the next subsection we are interested in
the first sense of non-trivial topology, we must break time reversal symmetry to have
non-trivial topology.

In our model, we consider just a single-band valence Bloch bundle. As Bloch functions
must be normalized, a continuous choice of Bloch function (which, in the language of
Subsection 2.1, is a section) is equivalent to choosing a gauge. Notice that when we can
choose a global gauge, and thus also have a global section, we have, by Stokes theorem,

c1(E) =
1

2π

∫
T2

dA =
1

2π

∫
∂T2

A = 0 ,

since ∂T2 = ∅. This is exactly in accordance with the theorem at the end of Subsection 2.1,
since as we have just one band, a single global section is sufficient to obtain a basis of Hk

at every k.
If we do not have a global gauge, we cannot do this because A, and thus F , are not

globally defined. However, to get closer to the general expression for the Z2 invariant
we will encounter in Subsection 5.2, we now consider a more general case having T2

covered by two open sets U and U ′, where we can choose gauges (T2 = U ∪ U ′). For
our purposes, the intersection can be taken to be a contour, ∂U = U ∩ U ′ = −∂U ′

(where − here denotes the opposite orientation). One also has a gauge transformation
g : U ∩ U ′ → U(1), g(k) = eiϕ(k), defined through |u′−(k)⟩ = g(k) |u−(k)⟩ (equivalent to
g(k) = ⟨u−(k)|u′−(k)⟩). Let A be our connection in the gauge on U and A′ on U ′. Using
Stokes theorem we have

c1(E) =
1

2π

∫
T2

F =
1

2π

(∫
U

dA+

∫
U ′
dA′
)

=
1

2π

(∫
∂U

A+

∫
∂U ′

A′
)

=
1

2π

∫
∂U

(A− A′) .

We can now use the gauge transformation rule for the connection

A = g−1A′g − ig−1dg = A′ + dϕ ,

to rewrite this as a contour integral over the boundary of the region U :

c1(E) =
1

2π

∮
∂U

dϕ =
1

2πi

∮
∂U

d log g . (9)

In other words, we see that in the case where we can cover the space by two gauges, the
Chern number is given by the winding number of the transition function. The reader
should then compare this to the expression we get in Subsection 5.2.

3.3 Anomalous Quantum Hall effect

Having introduced the general setting of Haldane’s model in the Subsection 3.1 and
equipped with the relevant topological weaponry from previous subsection we can have
a closer look on the model and discuss its Chern number for different parameters which
will give us a topological phase diagram.

Specifying a model can be thought of as choosing a specific form of the functions hi(k)
for a Hamiltonian of the form (1). As Haldane’s model is a model of graphene, we want to
respect the symmetries of the lattice and, as discussed throughout this section, if we wish
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to obtain a topological insulator, we must break time-reversal symmetry. This can be
achieved without net magnetic flux by introducing local fluxes, as illustrated in Figure 3.
This breaks time-reversal symmetry and causes the hopping parameters tij (hopping from
site i to site j) to acquire an Aharonov-Bohm phase through the Peierls substitution [9]:

tij → tij exp

(
−i e

ℏ

∫
γij

Aem

)
,

where Aem is the electromagnetic vector potential and γij is the hopping trajectory from
site i to site j. In the following, we consider nearest-neighbour interactions (between
the two sublattices A and B) with coupling t and second-nearest-neighbour interactions
(between sites of the same sublattice) with t2. Fluxes as in Figure 3 then translate
into nearest-neighbour interactions accumulating no overall phase (Peierls substitution
t → t), but a phase is accumulated in the second-nearest-neighbour interactions (Peierls
substitution t2 → t2e

ϕ).

ϕ
2

ϕ
2

ϕ
2

ϕ
2

ϕ
2

ϕ
2−3ϕ

Figure 3: Scheme for magnetic flux through one hexagonal tile of the graphene lattice.
As in Figure 2 sites of sublattice A are in grey and of sublattice B in white.

In general, Haldane’s model can also include a staggered potential with coupling λv,
which assigns an on-site energy λv to all lattice sites of type A and energy −λv to all sites
of type B. This manifestly breaks inversion symmetry.

All of this translates into the following parameters of the Bloch Hamiltonian (1):

h0 = 2t2 cosϕ(cos(2x) + 2 cosx cos y) , hy = 2t cosx sin y ,

hx = t(1 + 2 cosx cos y) , hz = λv − 2t2 sinϕ(sin(2x)− 2 sinx cos y) ,
(10)

where we use the notation of [2], in which, if k = (kx, ky), then x := kxa
2

and y :=
√
3
2
kya,

with a being the Bravais lattice constant.
Using, for example, the formula (7) with (6) or (9), one can find2 the Chern number

to be given by the expression:

c1 =
1

2
[sgn(∆(K))− sgn(∆(−K))] , , (11)

with the coordinates of the K points being ±K =
(
±4π

3a
, 0
)
. As discussed at the end of

Subsection 3.1, the gap (3) reduces to ∆(±K) = 2hz(±K) = 2
(
λv ± 3

√
3t2 sinϕ

)
at the

2The curious reader can find a derivation of this result, which is certainly interesting, for example
in [9].
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−π 0 π

3
√
3

0

−3
√
3

λv
t2

ϕ

c1 = −1 c1 = +1

c1 = 0

c1 = 0

Figure 4: Topological phase diagram of the Haldane’s model where the topological phases
are indexed by the Chern number c1. c1 = ±1 corresponds to topologically non-trivial
insulator and c1 = 0 to a trivial insulator. This diagram can be obtained for example
based on the formula (11). As ϕ is a phase ϕ = −π and ϕ = π should be identified (the
space of parameters is an infinite cylinder).

K points, which is enforced by the lattice symmetry. Thus, we see that the gap vanishes
at |λv| = 3

√
3|t2 sinϕ|, which gives us a line where one would expect a phase transition

to occur. Indeed, based on (11), one can construct the phase diagram in Figure 4.
One can thus notice that everything that really matters for the topology happens

around the K points. It is therefore of interest to expand our Bloch Hamiltonian (1)HH(k)
around these points. Defining k = ±K + q and linearizing in q (assuming q ≪ K ∼ 1

a
),

one obtains:
Heff

H (q) = EF + ℏvF (∓qxσx + qyσ
y) + ∆Hσ

z , (12)

with vF =
√
3
2

at
ℏ , ∆H = λv ± 3

√
3t2 sinϕ, and EF = −3t2 cosϕ. For the energies one finds

E±
eff = EF ±

√
(ℏvF q)2 +∆2

H , and we see that indeed the gap is ∆(±K) = 2|∆H |.

3.4 Chiral edges states

Essential property of topological insulators is the presence of metallic edge states at the
boundaries. Let us now illustrate their presence in Haldane’s model following [9].

For example, from the formula (11) it is clear that at the transition from a trivial
to a non-trivial insulator there is a gap inversion at one of the K points, and right at
the boundary the gap vanishes. Let us, for concreteness, consider the case when the gap
reverses at the point −K, so that we have from (12) the effective Hamiltonian

H = Heff
H − EF = ℏvF q · σ +∆Hσ

z with ∆H = λv − 3
√
3t2 sinϕ . (13)

We also specifically choose the coordinate y so that y = 0 at the boundary, c1 =
1,∆H(y) < 0 for y < 0 (non-trivial topology) and c1 = 0,∆H(y) > 0 for y > 0.

As the mass depends on position, we must go over to the position space representation
where q → −i∇x. We would like to solve the eigenvalue problem

Hψq(x) =

(
∆H(y) −i∂x − ∂y

−i∂x + ∂y −∆H(y)

)
ψq(x) = E(q)ψq(x) (14)

To separate variables, we go over to the Hadamard basis with

U =
1√
2

(
1 1
1 −1

)
.
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This is then readily solved (left as an exercise to the reader) to obtain Uψq(x). Along the
way, one has to make a few choices for the solution to be integrable, and with our choices
regarding the function ∆H(y), one obtains the set of eigenstates

ψq(x) ∝ eiqxx exp

(
−
∫ y

0

∆H(y
′) dy

)(
0
1

)
. (15)

Actually, we could have guessed the factor eiqxx since we have translational symmetry in
that direction. These states have the linear dispersion E(q) = ℏvF qx and are thus gapless.
We also obtain group velocity vg = ∇qE(q) = (vF , 0) in the positive x direction along
the boundary, and thus such states are only right-moving. Because of this directionality
locking, we call such states chiral. Were we to have a boundary with c1 = −1 instead of
c1 = 1, the chirality would be reversed. Also, given that ∆H(y) changes sign at y = 0, it
follows from (15) that ψq will be localized around the boundary at y = 0. So, all in all,
we have established the presence of gapless chiral edge states.

Probably the most significant reason why the edge states are of such interest is that
they are insensitive to disorder. This is because there are no states available for elastic
backscattering. This, in fact, underlies the perfectly quantized electronic transport of the
quantum Hall effect.

4 Quantum Spin Hall effect in graphene

In this section I first introduce the general setting of the Kane-Mele model of graphene in
Subsection 4.1. The subject of Subsection 4.2 is a simplification of the model where we do
not allow for spin mixing; specifically, we set the Rashba term, which will be introduced
later, to zero (λR = 0). This assumption makes the analysis much easier, as it allows
us to treat the Kane-Mele model as two separate Haldane models. Importantly, in this
case the spin Hall conductance is quantized, and we can properly speak of the Quantum
Spin Hall effect. Edge states are present both in this simplified model and in the full
Kane-Mele model, which will be discussed in the next section. However, we will leave the
discussion of edge states for later. As we will see, the presence of edge states in both the
simplified and the full model is a sign that both settings (λR = 0 and λR ̸= 0) can realize
a non-trivial Z2 topological phase.

4.1 Introduction to Kane-Mele model

In the Kane-Mele model of graphene, one adds a spin degree of freedom to the sublattice
degree of freedom in the description. Whereas before we had, at every momentum, the
Hilbert space Hk ≃ C2 (in the language of Subsection 2.2 we considered n = 1), schem-
atically representing the sublattice degrees of freedom and with basis of the form (A,B),
now we have Hilbert spaces Hk ≃ C4 (in Subsection 2.2 corresponding to n = 2) with
basis of the form (↑, ↓)⊗ (A,B).

As in Subsection 3.1, every 4 × 4 Bloch Hamiltonian can be written in terms of a
representation of the corresponding Clifford algebra Cl(4). That is, in terms of the identity,
five Dirac matrices Γa, and their ten commutators Γab:

Γ(1,2,3,4,5) :=, (I ⊗ σx, I ⊗ σz, σx ⊗ σy, σy ⊗ σy, σz ⊗ σy) ,

Γab :=
1

2i
[Γa, Γb] , {Γa, Γb} = 2δab .
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This means that our Bloch Hamiltonian can be characterized by sixteen real coefficient
functions d0(k), da(k) and dab(k) as

HKM(k) = d0(k)I +
5∑

a=1

da(k)Γ
a +

∑
a<b

dab(k)Γ
ab .

This representation is particularly useful when discussing the symmetries. As discussed
in Subsection 2.2, we take the two bands below the Fermi level, |u1(k)⟩ and |u2(k)⟩, to
form our valence band Bloch bundle.

So let us now delve into some symmetry considerations. The most important symmetry
that will always be present is time-reversal (TR) symmetry. This is in stark contrast to
the Haldane model considered in the previous section, as we have seen that to have a
non-trivial topological insulator the TR symmetry had to be broken. Let us represent
TR by the operator Θ. We want the operator to act on the spin degree of freedom as
Θ |↑⟩ = − |↓⟩ and Θ |↓⟩ = |↑⟩, and to act trivially on the sublattice degrees of freedom.
These requirements specify it as Θ = iσy ⊗ I K. From this we also see that Θ2 = −I.
Time-reversal symmetry also provides us with Kramers theorem, which is essential for
our discussion and can be formulated for our purposes as:

Theorem (Kramers theorem). For a TR-invariant system of one electron, all energies
are at least doubly degenerate. If |ψ⟩ is an eigenstate of the Hamiltonian, then Θ |ψ⟩ is
an orthogonal (since Θ2 = −I) eigenstate with the same energy eigenvalue.

As TR reverses the momenta, the action of the TR operator on Bloch functions is
Θ |u1(k)⟩ = |u2(−k)⟩, and we say that |u1(k)⟩ and |u2(k)⟩ form a Kramers pair.3 By
Kramers theorem, we then have E1(k) = E2(−k) and ⟨u1(k)|u2(−k)⟩ = 0.4 The presence
of TR symmetry also imposes restrictions on the form of the d’s. The condition of TR
invariance can again be formalized as (5). This then means that ΘΓaΘ−1 = Γa implies
that all da(k) are even functions of k, and ΘΓabΘ−1 = −Γab implies that dab must be odd
functions.

Another important concept coming from TR symmetry are momenta for which k =
−k+G for some reciprocal lattice vector G. As the effect of TR is to reverse the momenta
such momenta will be referred to as TR invariant momenta or TRIM for short. There are
many interesting things happening at these point in the Brillouin zone but one thing we
can immediately notice from the Kramers theorem is that at these points the Kramers
partners are in the same fibre and as they are two orthonormal vectors in 2D vector space
they form an orthogonal basis of this fibre. This among other means that the spectrum is
at that point degenerate since Kramers partners must have according to Kramers theorem
the same energy eigenvalue.

Another symmetry, also discussed in Subsection 3.1, is the inversion symmetry that
switches the two sublattices. This symmetry is not as important here as TR symmetry,
and it will not always be present in our model, but it is still worth discussing. We saw
that, on the sublattice degrees of freedom, it can be represented in our basis by σx. On
the spin degrees of freedom, it acts trivially, so on the full space it can be represented as

3All of this is defined in more mathematical terms in Subsection 2.3.
4Such considerations go a little against the mathematical spirit discussed in Subsection 2.3, as we

are taking the inner product of vectors that are at different fibres of the valence Bloch bundle, which
implicitly assumes some structure that relates these fibres. Here, it makes sense, among other reasons,
because the valence bundle is embedded in the Bloch bundle of all bands, which is always trivial.
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Symmetry (physical meaning) t λSO λR λv

U(2)

{
U(1) (charge conservation) ✓ ✓ ✓ ✓

SU(2) (spin conservation) ✓
× to U(1)
(only Sz)

× ✓

z-Mirror (protects Sz conservation) ✓ ✓ × ✓

Inversion (exchanges sublattices) ✓ ✓ × ×
Time-reversal (reverses spin & k) ✓ ✓ ✓ ✓

Chiral (protects gaplessness) ✓ × × ×
Charge conjugation ( e− ↔ h+) × × × ×

Table 1: Symmetries of the Kane-Mele model under the four basic couplings. An ✓
indicates a preserved symmetry, while a × means it is broken.

I = I⊗σx. Notice that in our choice of the gamma matrices Γ1 = I. The condition for a
Bloch Hamiltonian to be inversion symmetric is similarly given by (4). If one performs a
similar analysis with the gamma matrices as before, one can notice that IΓ1I−1 = Γ1 and
IΓ1bI−1 = −Γ1b, which is in agreement with TR symmetry, but the rest transform in the
opposite way under the two symmetries and so must vanish. One can obtain a non-trivial
Z2 topological insulator with both symmetries present, and requiring both symmetries
makes the analysis theoretically simpler (this is the path taken, for example, in [9]), but
here we will always allow inversion-breaking terms.

Let us now present the specific form the coefficients take in full Kane-Mele model of
graphene with the notation x := kxa

2
and y :=

√
3
2
kya already used in Subsection 3.3:

d1 = t(1 + 2 cosx cos y) d12 = −2t cosx sin y

d2 = λv d15 = 2λso(sin(2x)− 2 sinx cos y)

d3 = λR(1− cosx cos y) d23 = −λR cosx sin y

d4 = −
√
3λR sinx sin y d24 =

√
3λR sinx cos y

(16)

One can then notice that as Γ12 = −I ⊗ σy and Γ15 = σz ⊗ σy the full Hamiltonian
can be written as

HKM(k) =

(
H↑

H(k) 0

0 H↓
H(k)

)
+HR(k) , (17)

where H↑
H(k) and H

↓
H(k) are Haldane Hamiltonians of the form (1) with coefficients (10)

with t2 = λso and ϕ = ±π
2
respectively. As Γ23 = −σx ⊗ σx and Γ24 = −σy ⊗ σx, the

Rashba interaction term reads

HR = d3(k)σ
x ⊗ σy − d24(k)σ

y ⊗ σx + d4(k)σ
y ⊗ σy − d23(k)σ

x ⊗ σx .

One can notice that it is off diagonal in the spin degrees of freedom (in the first entry of the
tensor product appear σx and σy) and thus it breaks the conservation of the z component
of the spin as indicated in Table 1. It also prevents us from viewing the Kane-Mele model
just as two Haldane’s models which is possible when λR = 0 as can be seen from (17).
This is why we assume in the next subsection the absence of the Rashba term.

For topological purposes it is again enough to look just at the effective theory near
the K points. We have already obtained it for the term corresponding to λso in the
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equation (12). Now we can write it as

Heff
so = ±∆so σ

z ⊗ σz with ∆so := 3
√
3λso .

This is manifestly TR invariant since under TR the K point exchange which cancels the
sign change coming form the spin degrees of freedom. For the Rashba term one has:

Heff
R (k) = ∆R (±σy ⊗ σx − σx ⊗ σy) with ∆R :=

3

2
λR , (18)

where we neglected also terms linear in q since we assume λR ≪ t [1].
As these terms couple also the spin degrees of freedom (unlike terms 1, 2 and 12)

these are call the spin orbit coupling terms. Their presence can be roughly argued also
based on the microscopic physics as has been done for example in [1] but mainly from the
point of view of an effective theory presence is justified as they satisfy all the required
symmetries (mainly the TR symmetry). There is also a simple physical intuitive picture
one can draw which can be well seen in the form of (18). Let us have an electron moving

in an electric field E⃗ with a velocity p⃗
m
, then in the inertial frame of the electron one has

magnetic field proportional to p⃗×E⃗. As the electron has its magnetic moment due to spin

S⃗ the corresponding potential energy will be proportional to
(
p⃗× E⃗

)
· S⃗ =

(
S⃗ × p⃗

)
· E⃗

thus if the electric field is in the z direction transverse to the graphene plane one has a

potential λ
(
S⃗ × p⃗

)
· z⃗ where z⃗ is a unit vector which is a classical equivalent of (18).

Let us now turn to the topology. The case of vanishing λR is discussed right in the
next section. Ignoring for a second for simplicity the staggered potential term λv (can be
easily included) the energy gap is for 0 < ∆R < ∆so at the K points just ∆ = 2(∆so−∆R).
Region of such parameters is adiabatically connected to the case of λR = 0. However, if
the Rashba term would become too strong so that ∆R > ∆so the gap would close, and
we would have electronic structure that of a zero gap semiconductor [1].

4.2 Spin Hall conductivity

Without spin interaction we would have full freedom to choose basis of each fibre of our
Bloch bundle which would correspond to U(2) gauge symmetry. This symmetry basically
consists of the U(1) phase symmetry we considered in the last section global part of which
is at the many-body level responsible for charge conservation and SU(2) symmetry global
part of which is responsible for spin conservation. The intrinsic spin orbit interaction
breaks the SU(2) symmetry as indicated in Table 1, but it leaves us with another U(1)
symmetry which is responsible for conservation of the z component of the spin. We are
thus left with a U(1)×U(1) gauge theory which corresponds to choosing a phase associated
to each spin projection. Notice that it is important that the Rashba interaction is absent
since that would break also the remaining spin U(1) symmetry and as noted before our
discussion assumes that λR = 0.

The total curvature of the U(1)×U(1) group decomposes as → F (k) = F↑(k)+F↓(k).
Using the same argument as in the Subsection 3.2 one can prove that the total Chern
number c1 vanishes due to the presence of TR symmetry. That means

0 = c1 =
1

2π

∫
T2

F =
1

2π

∫
T2

F↑ +
1

2π

∫
T2

F↓ = c↑1 + c↓1 =⇒ c↑1 = −c↓1

and this is indeed true in our model. One can readily verify this as c↑1 is calculated from
the Hamiltonian H↑

H(k) which has ϕ = π/2 and H↓
H(k) with ϕ = −π/2 and looking at
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the phase diagram in the Figure 4 one can see if |λv| < 3
√
3|λso| then c↑1 = 1 = −c↓1 and if

|λv| > 3
√
3|λso| then c↑1 = 0 = −c↓1. However, c

↑
1 = −c↓1 holds even in models with higher

band where is general c↑1, c
↓
1 ∈ Z.

This means that ns =
c↑1−c↓1

2
= c↑1 ∈ Z can be non-vanishing. One can then define

spin Hall conductivity naturally a σs
xy := ℏ

e

σ↑
xy−σ↓

xy

2
, and then it follows from the TKNN

formula (8) that

σs
xy =

e

2π
nσ .

And we see thus see that σs
xy is quantized, and we have the so-called quantum spin Hall

(QSH) effect.
Furthermore, from ns one can define the topological (in the sense of Subsection 2.3)

invariant z2 ≡ ns (mod 2) which is the celebrated Z2 invariant. This is probably the
most intuitive expression for the Z2 invariant one can find, but we have to remember
that this works just with the simplifying assumption of λR = 0. We will encounter more
general expression in Subsection 5.2. We can see that in the region |λv| < 3

√
3|λso| our

simple model has z2 = 1 as corresponds thus to a non-trivial insulator and in the region
|λv| < 3

√
3|λso| we have z2 = 0 and a trivial insulator. Furthermore, we see that in this

model the region where we have non-trivial spin hall current exactly coincides with a
non-trivial insulator.

5 Z2 topological phase of graphene

In this section we discuss the presence of the edge states and some of their properties.
These are certainly of a high interest. Due to their interesting properties, some of which
we discuss, they are probably what is most interesting on topological insulators for applic-
ations. In this section we allow the presence of the Rashba interaction and extend thus
our discussion of the previous section (where it was neglected) to a more realistic setting.
At the end we provide an expression of the Z2 topological invariant in this general setting.

5.1 Helical edge states

One way to argue for the presence of edge states in the Kane-Mele model is based on
the Laughlin’s argument, which is the way they take in the papers [1, 2], but since we
already established their presence of chiral edge states in Haldane’s model in the analysis
of Subsection 3.4 we are going to make use of that instead.

In the absence of spin-mixing, the Kane-Mele Hamiltonian (17) decomposes into two
independent Haldane models with equal and opposite Chern numbers, corresponding to
the two spin projections. This means if the system is to be TR invariant, the transition
to a trivial insulator must occur simultaneously for both spin sectors. By essentially
repeating the argument of Subsection 3.4 for each spin block, we could find that the edge
state solutions would again take the form (15), now with an additional spin degree of
freedom (and we would have two solution for each spin projection instead of just one).
In this case, however, the edge states are not chiral in the strict sense, since there is no
single direction in which all states move. Instead, we have the so-called helical edge states :
the spin is locked to the direction of motion, with spin-up propagating in one direction
and spin-down in the opposite direction along the edge. This spin-momentum locking is
a defining feature of the general non-trivial Z2 insulating phase.
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As we will see a key property of these helical edge states, as in the chiral case, is
the absence of elastic backscattering for non-magnetic disorder: a right-mover cannot
scatter into a left-mover without flipping its spin, which is forbidden by TR symmetry.
As a result, these edge states are robust and cannot be localized by any TR symmetric
perturbation.

Crucially, the gapless edge states persist even when spin-mixing terms, such as the
Rashba coupling, are present. In this regime, projection of spin onto the z axis is no
longer a good quantum number, so the edge states are not simply spin-up or spin-down.
Nevertheless, the general property of spin-momentum locking (helicity) survives, that is
each direction of motion along the edge remains associated with a distinct spin state, even
if the spin axis is not fixed. This can be demonstrated by solving the model in a geometry
infinite in the x direction, as illustrated in Figure 5, which shows the energy spectrum of
a strip with two edges in both the non-trivial and trivial insulating phases. In the phase
of non-trivial topology, the edge states traverse the bulk gap and cross at kx = π/a, while
in the trivial insulator the edge states do not cross the gap.

Figure 5: Energy spectrum for a graphene strip with zigzag edges, infinite in the x direc-
tion, in (a) the non-trivial Z2 insulating phase (labelled ’QSH’ in the figure) with λv = 0.1t,
and (b) the trivial insulating phase with λv = 0.4t. In both cases, λso = 0.06t and
λR = 0.05t. The edge states on each edge are shown in different colours and cross at
ka = π in the non-trivial phase, traversing the bulk gap, while in the trivial insulator the
edge states do not cross the gap. The inset shows the phase diagram as a function of λv
and λR for 0 < λSO ≪ t. Adapted from [2].

In a more general case than that in the Subsection 4.2 one may define a spin Hall
conductance as rate of spin accumulation per applied perpendicular electric E field, that
is by d⟨Sz⟩

dt
= Gs

xyE, which is then given by

Gs
xy =

e

h
(⟨Sz⟩L − ⟨Sz⟩R)

∣∣∣
EF

,

where expectation value of Sz is evaluated for the left and right moving states at the
Fermi level. In the absence of spin-mixing, the quantized value obtained in the bulk
calculation is confirmed by the edge state analysis, reflecting the robust edge transport.
However, once spin-mixing is introduced, the edge states are not eigenstates of Sz, so the
spin Hall conductance Gs

xy is generally not quantized, though it remains non-zero in the
topological phase. Thus, we see that we may detect non-trivial topology by non-zero spin
accumulation at the edges, while in the trivial insulator, where edge states are localized
by disorder, the spin accumulation vanishes.
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The robustness of the helical edge states can be captured elegantly using the S-matrix
formalism. Consider a segment of the edge with disorder, and denote by ψin and ψout the
incoming and outgoing two-component spinors, consisting of the left- and right-moving
edge states. Scattering is described by a unitary S-matrix, ψout = Sψin. As we have
seen in Subsection 4.1 the TR symmetry is represented on the spin degrees of freedom
by Θ = iσy K. If we require the scattering process to be TR invariant we must have
[Θ, S] = 0. This then imposes in the S-matrix the constraint S = σyS

Tσy, which forces the
off-diagonal (backscattering) elements to vanish. As a consequence, an electron propagates
perfectly through a region of disorder as long as time-reversal symmetry is preserved and
the bulk gap remains open. This ensures that the edge states in the topological Z2

insulating phase cannot be localized by elastic backscattering, in contrast to ordinary
one-dimensional conductors.

However, it is important to note that the presence of gapless edge states alone does
not guarantee topological protection. For instance, in certain cases with an even number
of Kramers pairs of edge states at a given energy, elastic backscattering is allowed between
pairs, and the edge states can be localized by disorder, these are sometimes called ’trivial’
metallic edge states. Let us make this distinction more precise. Only an odd number of
Kramers pairs intersecting the Fermi level at a given edge signals a truly topologically
non-trivial phase. This is illustrated in Fig. 5, where in the topological phase (a) each edge
hosts a single Kramers pair crossing the gap, while in the trivial phase (b) the number
of crossings is even or zero, and the edge states are not protected. The Z2 topological
invariant therefore counts the parity of Kramers pairs of edge states crossing the Fermi
level.

Finally, while the helical edge states are protected against elastic backscattering, in-
elastic processes arising from electron-electron interactions can still occur, allowing backs-
cattering at finite temperature. These processes do not open a gap or cause localization
in the weak-interaction regime, but they do lead to a finite conductivity at non-zero tem-
peratures, distinguishing the Z2 topological edge from a truly ballistic one-dimensional
channel.

5.2 Z2 topological invariant

As discussed previously, TR symmetry imposes strong constraints on the topology of the
valence bundle. In Subsection 3.2, we have seen that in a TR symmetric system the Chern
number always vanishes. It is even true that one can always globally and continuously find
a basis of the valence bundle (|u1(k)⟩ , |u2(k)⟩), which means, according to the theorem
at the end of Subsection 2.1, that the valence bundle is always trivial as a complex
vector bundle. However, when we require this basis to consist of Kramers pairs, that is
Θ |u1(k)⟩ = |u2(−k)⟩, with Θ being the TR operator introduced in Subsection 4.1, the
situation changes. The additional quaternionic structure (as introduced in Subsection 2.3)
allows for a more subtle topological obstruction, captured by the Z2 invariant.

A key role is played by the overlap matrix

Pij(k) = ⟨ui(k)|Θ |uj(k)⟩ ,

5 which is always antisymmetric by construction (from Θ2 = −I). For antisymmetric
matrices, the determinant turns out to be the square of a polynomial in the matrix

5This again has the inconvenience of taking products of states at different fibres, which is why the
‘sewing matrix’ is sometimes used instead (see for example [9]).
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Figure 6: Illustration of the Pfaffian vortices in the graphene Brillouin zone (rhombus).
Shaded is a domain U chosen according to TR symmetry and the TRIM points are
represented by black dots. The spiral symbols denote vortices (zeros) of the Pfaffian
P (k), with the direction of the spirals indicating vorticity. Dashed lines connect each pair
of TR related vortices of opposite vorticity.

entries. This motivates introducing the Pfaffian of an antisymmetric matrix A, defined
so that Pf(A)2 = detA. With this, we define

P (k) = Pf[P(k)] .

In the case of two occupied bands, P(k) is just a 2 × 2 antisymmetric matrix, so the
Pfaffian just picks out the single independent entry, but it is handy for generalizing to
higher dimensions.

The zeros of the Pfaffian are of particular importance: at a point k∗ where P (k) = 0,
the valence band and its TR partner become orthogonal, which indicates an obstruction
to the definition of a global Kramers basis (this is shown for the case with inversion
symmetry in [9]). The presence of such zeros, in the following referred to as ’vortices’,
can be intuitively thought of as giving the quaternionic vector bundle a twist, inducing
a non-trivial topology. They are depicted in Figure 6 by small vortices. Calling the
complex zeros vortices makes sense, as one can assign to them an order (which we will
call vorticity) by calculating the winding number of P (k). Because of the TR symmetry,
in the Brillouin zone these zeros always come in TR pairs at k∗ and −k∗, always with
vorticities +1 and −1. The pairing of the vortices is indicated in Figure 6 by the dotted
lines connecting the pair members.

A crucial property emerges at the time-reversal invariant momenta (TRIM) intro-
duced in Subsection 4.1. At a TRIM point λ, the action of time reversal on the basis
(|u1(λ)⟩ , |u2(λ)⟩) yields another basis at the same point. Specifically, the transformation
can be written as Θ |ui(λ)⟩ = Uij |uj(λ)⟩ for some 2× 2 antisymmetric unitary matrix U
(UU† = I and UT = −U). This property ensures that the absolute value of the Pfaffian
at these points is always unity as |P (λ)| = |Pf(U)| =

√
| detU| = 1. Thus, vortices of

the Pfaffian can never occur at TRIM points.
The two properties of the zeros of P (k), that they come in pairs of opposite vorticity

and cannot cross the TRIM points, imply that the relevant topological information is en-
coded in the number of vortex pairs modulo 2. Since the vortices represent a fundamental
obstruction to globally defining Kramers pairs, the insulator is trivial if and only if all
vortices can be eliminated by adiabatic transformations. As indicated in Subfigure 6a, two
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pairs of vortices can be mutually annihilated by adiabatically moving vortices of opposite
vorticity to the same point. The case of a single vortex pair is shown in Subfigure 6b; in
this situation, the vortices cannot be annihilated, as this would require passing through
a TRIM point, which is forbidden since vortices cannot enter TRIM points.

To quantify the parity of the number of vortex pairs, we introduce the following integral
expression. Since TR symmetry introduces a redundancy in the description, we cover the
Brillouin torus with a region U (shown in grey in Figure 6) and its image under the map
θ(k) = −k, so that U ∪ θ(U) = T2. It is important to choose U so that the zeros of the
Pfaffian do not lie on the boundary ∂U . The winding number of the phase of the Pfaffian
along this boundary,

z2 =
1

2πi

∮
∂U

d logP (k) mod 2 ,

gives precisely the desired parity of the number of vortex pairs, and we declare this to be
the Z2 invariant. z2 = 1 indicates a non-trivial topology, and z2 = 0 a trivial insulator.
This construction bears a clear analogy to the approach in Subsection 3.2, where the Chern
topological invariant was expressed as a contour integral of a transition function over the
boundary between regions of different gauges. In this way, the Z2 invariant robustly
distinguishes topological insulators from trivial ones in the presence of TR symmetry,
even when the Hamiltonian includes spin-mixing terms such as the Rashba coupling.
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